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Bi-maximal mixing at GUT, the low energy data and the leptogenesis ∗
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aDepartment of Physics, Osaka University Toyonaka, Osaka 560-0043, Japan
bTheory group, KEK, Tsukuba 305-0801, Japan
In the framework of the minimum supersymmetric model with right-handed neutrinos, we consider the Bi-
maximal mixing which is realized at the GUT scale and discuss a question that this model can reproduce the low
energy phenomena and the leptogenesis.
1. The model The neutrino masses are as-
sumed to be derived through the seesaw mech-
anism, mν(MX) = m
T
DD
−1
R mD, where MX is
the GUT mass scale, mD is a Dirac mass matrix
which is related to the neutrino-Yukawa coupling
matrix Yν by mD = Yνv sinβ/
√
2. We assume
that the right-handed neutrino mass matrix is a
diagonal form as DR = diag(M1,M2,M3).
We assume that the neutrino mass ma-
trix is diagonalized by the Bi-maximal mix-
ing in the diagonal mass basis of charged lep-
tons, i.e., mν(MX) = OBDνO
T
B , where OB
is the Bi-maximal mixing matrix and Dν =
diag(m1,m2e
iα0 ,m3e
iβ0) with α0 and β0 being
Majorana phases[1].
As for the neutrino mass spectrum, there are
three cases, the hierarchical (H) masses, m1 <<
m2 << m3, the inverse hierarchical (IH) masses,
m1 ≃ m2 >> m3 and the quasi-degenerate (QD)
masses, m1 ≃ m2 ∼ m3 = m. The renormal-
ization group does not give any effect for the H
case and this case is ruled out. Therefore, only
the IH and QD cases may become consistent with
the low energy data.
The τ -Yukawa coupling is known to contribute
to rotate the solar angle from the Bi-maximal to
the dark side[2]. Therefore, the other ingredient
is required.
We consider the effect of the neutrino-Yukawa
coupling, Yν which enters in the renormalization
group equation as Y †ν Yν . LFV processes, lj →
li + γ, are induced by |(Y †ν Yν)ij |2, so that its off-
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diagonal terms must be suppressed from the null
observation. Therefore, we assume that Y †ν Yν =
diag(y21 , y
2
2 , y
2
3). It was found that the solar angle
rotates to the normal side, only when y21− y22 >>
|y23−y22 |[3][4]. This fact is shown later. With this
assumption, mD is written by
mD = V
†
RDDPex , Pex =

 0 0 10 1 0
−1 0 0

 , (1)
where DD = diag(mD1,mD2,mD3) with m
2
D3 −
m2D2 >> |m2D1 − m2D2| and Pex is a matrix to
exchange the eigenvalues.
In our previous paper[5], we considered the
QD neutrino mass case, both for the hierarchi-
cal Dirac mass, mD3 >> mD2 >> mD1. In this
note, we consider both the IH and QD neutrino
mass cases.
By using the form of mD, we find
M−1R = D
−1
D (PexOB)Dν(PexOB)
TD−1D , (2)
where MR ≡ VRDRV TR . The diagonalization is
easily made. We observe that VR and Mi are
determined by three neutrino masses, two Majo-
rana phases, and three Dirac masses mDi, so that
6 real positive masses and two Majorana phases.
In addition to the masses, we use the data from
the neutrino oscillations, which fix two neutrino
masses. For simplicity, we assume the ratios of
mDi. Therefore, one mass scale mD3 and two
Majorana phases, and one mass scale for the QD
case are free, so that all data can be computed
with these parameters.
2. The input data We take tan2 θ@ ≃ 1,
1
2tan2 θ⊙ ≃ 0.40, ∆m2@ = |m23 − m22| ∼ 2.5 ×
10−3 (eV2), ∆m2⊙ = m
2
2−m21 ∼ 8.3×10−5 (eV2).
For the IH case,m3 is not determined, and for the
QD case, the overall mass is unknown. For the
sake of argument, we take
m1 ≃ m2 >> m3 = 5.0× 10−3eV for IH ,
m1 ≃ m2 ∼ m3 = 6.5× 10−2eV for QD . (3)
For Dirac masses, we assume mD1/mD2 =
mD2/mD3 = 1/5 for simplicity.
Now the remaining unfixed parameters are
mD3 and two Majorana phases, aside from the
parameters in the renormalization group, which
we use tanβ = 20, MX = 2× 1016GeV.
For the solar neutrino angle, we find
tan2 θ⊙ =
1− 2(2ǫe − ǫτ ) cos2(α0/2)m21/∆m2⊙
1 + 2(2ǫe − ǫτ ) cos2(α0/2)m21/∆m2⊙
, (4)
where ǫe = (1/16π
2)(y21 − y22) ln(MX/MR), ǫτ =
(1/16π2)((y23−y22) ln(MX/MR)+y2τ ln(MX/MZ).
From this, we find 2ǫe − ǫτ > 0, which implies
that y21 >> y
2
2 + y
2
3 + y
2
τ , for this we intro-
duced the matrix Pex. In addition, we can derive
| cos(α0/2)| ≥ cos 2θ⊙ ∼ 0.43.
3. Predictions
Mi and mDi: The requirement that the low
energy solar neutrino angle is reproduced deter-
mines the heavy neutrino massM3 and the Dirac
mass mD3 as a function of α0. The result is al-
most independent of α0 and M3 ∼ 1.4× 1014GeV
for the IH case, and ∼ 6 × 1013GeV for the QD
case. The Dirac mass mD3 is determined by
mD3 =
√
m2M3/| cos(α0/2)|, which is of order
100GeV. The other Dirac masses are given by our
assumption for Dirac masses. Also M1 and M2
are predicted once α0 is given.
|V13| and δ : Ihe the Bi-maximal mixing, V13 =
0 so that no δ. In our case, these are induced by
the renormalization group. |V13| is very small for
the IH case and of order 0.01 for the QD case.
δ + β0 is roughly between −π/2 and −2π/3.
< mν >: The effective neutrino mass for the neu-
trinoless double beta decay is about < mν >≃
m2| cos(α0/2)| ≥ 0.025eV.
Lepton Flavor Violation: The LFV pro-
cesses take place through the slepton mixing,
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Figure 1. The branching ratio for the IH case as
functions of | cos(α0/2)| and β0 for m3 = 5.0 ×
10−3eV. We take tanβ = 20, mS = 300GeV,
m0 = A0 = 100GeV.
which is proportional to (Y †ν LYν)ij , where L =
diag(ln(MX/M1), ln(MX/M2), ln(MX/M3)).
Since m†DmD is diagonal, the contribution oc-
curs only through (Y †ν (L− < L >)Yν)ij .
The branching ratios are given by the standard
form and the result is Br(µ → eγ) >> Br(τ →
eγ) >> Br(τ → µγ). We show the branching
ratio for the IH case in Fig.1. The β0 dependence
of branching ratios comes in through the ratios
of heavy neutrino masses. The branching ratios
have the sizable dependence on Majorana phases,
α0 and β0. A similar behaviors are obtained for
the QD case.
Leptogenesis: We have
ǫ1 = −3m3M1
4πv2
cos(α0/2)√
2(1 + cosα0)
[
sin
(α0
2
− β0
)]
, (5)
for the IH case. For the QD case, we find
ǫ1 =
3∆m213M1
16πv2m
cos(α0/2)
R
sin
(α0
2
− β0
)
, (6)
30.6
0.8
1ÈcosHΑ02LÈ
0
Π
2 Π
Β0
-6.·10-10
6.·10-10
ΗB
Figure 2. ηB as functions of | cos(α0/2)| and β0
for the IH case with m3 = 5.0× 10−3eV.
where ∆m213 = m
2
1 −m23 and
R =
√
1 + cos2
α0
2
+ 2 cos
α0
2
cos
(α0
2
− β0
)
. (7)
For both cases, the asymmetric param-
eter depends on Majorana phases as
cos(α0/2) cos(α0/2 − β0) and small mass fac-
tor m3 for the IH case, and ∆m
2
13 = m
2
1 − m23
for the QD case. The obtained values of ηB is
given in Fig.2 for IH and Fig.3 for QD. It is
possible to reproduce the experimental result,
ηB ≃ 6× 10−10.
4. SummaryWe discuss the Bi-maximal mixing
which is realized at the GUT scale. Our question
is whether the Bi-maximal mixing can cope with
low energy data and the leptogenesis. We showed
that this is possible in the case where (11) ele-
ment of Y †ν Yν is much larger than other elements.
From this and the LFV must be suppressed, we
assume that Y †ν Yν is diagonal. Then, CP phases
including the Dirac phase are induced by two Ma-
jorana phases. This model enables to relate the
CP phase which appears in the neutrino oscilla-
tion to the one in the neutrinoless double beta
decay and also the CP phase in the leptogene-
sis. We showed the model is consistent with all
experimental data.
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Figure 3. ηB as functions of | cos(α0/2)| and β0
for the QD case with m = 6.5 × 10−2eV and
∆m213 > 0.
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